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ALGEBRAIC VALUES OF MEROMORPHIC FUNCTIONS-II 
SERGE LANG 
(Received 14 December 1965) 
WE CONTINUE THE STUDY of the possible distributions of numbers at which certain mero- 
morphic functions take on algebraic values. In particular, a l-parameter subgroup of a 
linear group or an abelian variety which contains sufficiently many algebraic points must 
itself be an algebraic subgroup. 
$1. PRELIMINARIES 
Let K be a number field (finite extension of Q), and let c1 E K. 
we mean a positive integer d such that dct is an algebraic integer. 
By a denominator for c(, 
If B is real >O, we shall 
say size (CX) g B if there exists a denominator d for CI such that log d 2 B, and if 
log max loal s B 
for all embeddings 0 of Kinto C (i.e. all conjugates of cr have logs of absolute value bounded 
by B). For any CI # 0 in K, we have 
-2[K : Q] size(&) 5 log 1~~1. 
If r is a positive integer, then size (ar) 2 r size(M). 
Next we recall that an entire function (of a complex variable) is said to be of order 5 p 
if there is a constant C > 0 such that 
IFIR = max IF(t)1 5 CR’ 
ItI =R 
for all R sufficiently large. (We omit the usual c which is irrelevant for what follows.) If Fis 
such a function, then the number of zeros of Fin a circle of radius R is O(RP). 
A meromorphic functionf’is said to be of order 5~ if it can be expressed as a quotient 
of entire functions of order 2~. If S is a set of complex numbers, we say that such a mero- 
morphic function f is defined on S if we can write f = g/h where g, h are entire of order 2;~ 
and no point of S is a zero of h. For simplicity, we shall always assume that p is an integer 
21. 
We took the log in our definition of the size because the estimates which occur in 
subsequent proofs always occur in the exponent if we don’t take the log. Furthermore, 
these estimates will be independent of constant factors. Thus we use the following notation. 
In dealing with two positive functions A,, 1, defined on some set, we write l?l 4 R, if there 
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exists a constant C > 0 such that RI 6 C&. This is the usual Vinogradov notation. We 
write A1 % < I, to mean the obvious thing. 
Let S be a set of complex numbers, expressed as a union S = ; S, such that 
n=l 
&Z &,I for all n. One says that the subsets {S,,} form a filtration of S. We shall assume 
throughout when dealing with such filtrations that there is a constant C > 0 such that for 
all n and all z E S,,, we have (z( 2 Cn. 
Let f be a meromorphic function defined on S, with values in a number field K. We 
shall say thatf is of arithmetic order 5 p on S (or more accurately, with respect o the filtra- 
tion {S,}) if there is a constant C 2 1 such that the following conditions are satisfied. 
A0 1. For all n and z E S,, we have sizef(z) 6 Cnp. 
A0 2. There is an entire function h of order g_p, such that hfis entire, h has no zero 
in S, and for all n, xz E S,, 
log (l/h(z)( 5 CnP. 
Using our notation <, we can write our conditions in the form 
sizef(z) < np and log Illh( 4 rf’, 
forzES,,,andn-+co. 
52. VALUES OF MJZROMORPHIC FUNCTIONS 
The following theorem is similar to theorems of Schneider (cf. Schneider’s book 
Einfiihrung in die Transzendenten Zahlen, p. 49). 
THEOREM 1. Letf, g be meromorphic functions of order 5 p. Let S = U S,, be as above, 
and assume thatf, g are dejined on S, with values in the number$eld K, and of arithmetic order 
5 p on S. Let J. be a number > 2. If card (S,) >> 6 nip for n --) 00, then f, g are algebraically 
dependent over K. 
Proof. Let C,, C2 > 0 be such that 
ClnaP 5 card(&) g C,nAP 
for all n. Without loss of generality, we may assume (for convenience) that C, is an integer, 
and is a square. We shall deal with a large integer II, taken to be a square, and which will 
tend to infinity later. 
Let r = 2C’12 niP12 < n”P/2. 2 
We can find algebraic integers aij not all zero in K, such that the function 
F = 5 aijfisj 
i,j=l 
has a zero at every point z E S,,. This amounts to solving linear equations in r2 unknowns, 
and we have 
number of equations 5 C,n”P 5 r2/4. 
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The coefficients of these equations are the values 
fcz>L<4' 
with z E S,,. By hypothesis, we have 
size of coefficients +npr. 
Hence by a standard, easy lemma of Siegel ([8], cf. also [4]) we can find the aij such that 
size(aij) I npr 
for all n sufficiently large. 
Iff, g are algebraically independent over K, then F is not identically zero. Let s be 
the smallest integer such that f(z) = 0 for all z E S, but F(w) # 0 for some w E S,,,. (Such 
an s exists because in a circle of radius s we know that F has O(Y) zeros for s + co) Then 
s 2_ 12, and trivial estimates yield 
We note that spr $ szp. 
size F(w)’ e fr. 
We now estimate IF(w)]. Let h be the entire function satisfying condition A0 2 with 
respect o bothfand g. (If h, satisfies this condition with respect of, and h, satisfies it with 
respect o g, then lz = h,h, will serve our purposes.) Then h*‘F is an entire function having 
zeros at all elements of S,. We use the expression 
F(w) = 
h(t)“F(t) 
h2r(w)II(t - z) 
rqw - 2) 
t=lV 
where the products are taken for z in S,. We apply the maximum principle, and bound the 
function on the right on a circle of radius R = s”*. We estimate three things :
First, h2’F using the fact that h, hf, hg are entire of order s p, and using the expression 
hZrF = i aijh2’-i-‘(hf)‘(hg)j, 
i,j=l 
We take the log of the absolute value, and find 
sup log lh”(t)F(t)l < s”P/~, < S~Q. 
Irl=R 
Second, we have the upper bound (by A0 2), 
1 
Third, and most important, we have 
Combining these three estimates, we get the upper bound 
/2- 2 log IF(w)1 -$ sap - _ ,cj “Plog, 
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(because 3~‘~ e sap ). For s sufficiently large, this contradicts the fact that 
-size F(W) < log ~F(M+] , 
thereby proving Theorem 1. 
Remark. The theorem holds also if the condition card (S,) 9 + nAp is replaced by 
card (S,) 4 &‘, since from sets S, satisfying this second condition, we can at once obtain 
sets 5’; satisfying the first by throwing away some of the points, proceeding inductively, to 
insure that S; c S,. 
COROLLARY 1. Let PI, fiz be complex numbers linearly independent over the rationals, 
and let zl, z2, z3 be complex numbers, also linearly independent over the rationals. Then not 
all numbers 
eSi=V (i = 1,2 and v = 1,2,3) 
are algebraic. 
Proof. L&f(t) = ePi’ and g(t) = e 82t . Let S,, be the set of linear combinations 
klz, + kzzz + k,z, 
with 15 k,s n. The theorem then applies. 
COROLLARY 2. Let j3 be irrational. Then there are at most two multiplicatively inde- 
pendent algebraic numbers CI # 0 such that CX! is algebraic. 
Proof. Let /?i = 1, /I2 = p, z, = log fx,. 
It was pointed out to me by E. G. Straus that the corollaries above have been known to 
Siegel for some time (cf. L. ALAOGLU and P. ERD~S, On highly composite and similar 
numbers, Trans. Am. Math. Sot. 56 (1944) 445) but they do not appear explicitly otherwise 
in the literature. I was led to them by a recent question of Serre: If y is real, and xy is 
algebraic for all positive rational numbers x, then y is rational. This application arose 
in Serre’s determination of certain characters of ideal classes, and will be discussed by Serre 
elsewhere. It also arose in the above mentioned paper. 
93. GENERAL EXPONENTIAL FUNCTIONS: THE LINEAR GROUP 
Theorem 1 can be applied to give information concerning the general exponential map 
on group varieties. In this section, we deal with the linear group. 
First, a remark on l-parameter subgroups. Let G be a group variety, and let 
cp : C --f G, be a l-parameter subgroup. This means that rp is a complex-analytic homomor- 
phism of C into G. Then of course, complex analytically, cp is an analytic curve in G. How- 
ever, it may well be that algebraically, cp has dimension > 1. Indeed, if say G is embedded 
in some projective space, and (cpO, . . . , qN) are the projective coordinates of cp, then by the 
algebraic dimension of cp we shall mean the number of algebraically independent coordinate 
functions ‘pi/q0 (i = 1, . . . , N). This is the same as the dimension of the smallest group sub- 
variety of G containing q(C), i.e. containing the l-parameter subgroup. 
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THEOREM 2. Let G be a linear group variety defined ocer thefield of ail algebraic num- 
bers. Let cp : C + G, be a l-parameter subgroup of G, of algebraic dimension 2 2. Let lY be a 
subgroup of C having at least three linearly independent elements over Q. Then q(T) cannot be 
contained in the group of algebraic points of G. 
Proof. We can represent G globally as a group of matrices, so that for some matrix 
M, 
q(t) = exp(tfvI) = 2 t”M”/,n ! 
Let z, (v = 1,2,3) be complex numbers linearly independent over Q, such that cp(z,) is 
algebraic, say with components in a number field K. Suppose that M is an m x m matrix. 
Then we can write 
4$t) = (VijCt)>T 1 s i,j g m, 
with entire functions cpij which are of order 2 I. If q has algebraic dimension 12, then at 
least two among the functions rplj are algebraically independent over K, sayf, g. 
Let A’, be the set of linear combinations 
k,z, + kzz, + k,z, 
with 15 k, 5 n. Condition A0 1 is easily verified, because 
qo(k,zl + kzz2 + &) = (~(z~)~‘~(z~)“‘(~(z~)~~, 
and it is easy to make the necessary estimates on the size of a product of matrices to see that 
A0 1 is true. Condition A0 2 is always true for entire functions (take h = l), and conse- 
quently, we can apply Theorem 1 to obtain the desired contradiction. 
COROLLARY. Let G be a linear group variety de$ned over a number field K. Let r be a 
commutative subgroup of G,, containing at least three elements independent over Z. If r is 
contained in a l-parameter subgroup of G, then this l-parameter subgroup is a group sub- 
variety (i.e. algebraic) of dimension I. 
$4. ABELIAN VARIETIES 
The estimates needed to verify that the coordinate functions of a l-parameter subgroup 
of a linear group satisfy the hypotheses of Theorem 1 turned out to be quite easy to make. 
In order to do the same thing for abelian varieties, we must exert more effort, both in the 
analytic and arithmetic directions. 
Let A be an abelian variety defined over the field of algebraic numbers. We can repre- 
sent the complex analytic group A, as a quotient of complex c/-space (if n = dim A), say by 
the map 
0: Cd+&, 
which can be given explicitly in terms of theta functions. If CI E C!“, and CI # 0, then the 
curve cp : C + A, such that p(t) = O(m) is a l-parameter subgroup of A, and all I-para- 
meter subgroups of A can be so described. 
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THEOREM 3. Let A be an abelian variety defined over the field of algebraic numbers. 
Let cp : C + A, be a l-parameter subgroup of A. Let r be a subgroup of C having at least 
seven linearly independent elements over Q. If cp has algebraic dimension 2 2, then q(T) cannot 
be contained in the group of algebraic points of A. 
Proof. Let 0 = (e,, . . . , f&J be the representation of 0 by theta functions, giving an 
embedding of A, into projective N-space. We induce the functions O,, . . . , 0, on the 
analytic curve cp, and obtain entire functions ( fO, . . , fu) in one variable, of order 5 2, which 
realize our l-parameter map cp, that is q(t) = (fo(t), . . . , fn(t)). Without loss of generality, we 
may assume that the divisor of zeros of 13~ does not pass through the origin, so that in parti- 
cular, f0 is not identically zero. Let D be a small disc of radius 6 > 0 around the origin in C, 
so that no zero off0 lies in D. Then /f,,(t)! is bounded away from 0 on D, and hence 
log 1 l/‘(t)/ is bounded from above on D. 
By hypothesis, at least two of the functions among fi/fO, . . , fN/fO are algebraically 
independent over the algebraic numbers, say f and g. 
We may assume that A is defined over a number field K, and that r is generated by 
seven elements z,, (v = 1, . . . , 7) linearly independent over Q, such that cp(z,) is contained in 
A,forv= 1, . . . . 7. Let S,, be the set of linear combinations 
k - z = k,z, + a.. + k,z, 
with -n 6 k, g n, and such that k-z lies in D. By routine techniques, one verifies that 
card (S,) + n5 or %n6, depending on whether at least two of the elements z, are linearly 
independent over R or not. (For instance, suppose that zg, z, are linearly independent over 
R, and let A be the lattice generated by them. We consider k,z, + -.. + k5zs on C/A = R2/A. 
We cut up a fundamental domain into approximately l/6 small square of sides approxi- 
mately equal to d1j2, and use the Dirichlet box principle on the $ns elements consisting of 
linear combinations k*z with Ik( 5 n/C for some large constant C, depending on the z,. 
Subtracting one element from all the others crowded in a small box, we obtain essen- 
tially 6n5 elements in D. By being more careful and using translations by z6, z,, using 
points k *z lying outside small circles around the zeros of the entire function fO, and using the 
minimum modulus principle for entire functions, one can probably shrink 7 to 5, but this is a 
secondary matter here.) For definiteness, let us assume that we are in the case 
card (S,) 9 < n5. 
Let S = U S,,. We already know that our two functions .Lg satisfy condition A0 2 
on S since in fact, they have the bounded denominator h = f0 on D. We shall prove in the 
next lemma that they satisfy condition A0 1, and thus are of arithmetic order 5 2 on S. 
Applying Theorem 1 then gives the contradiction which proves Theorem 3. 
LEMMA 1. Let A be an abelian variety dejned over a number$eld K. Let cp : C + A, be 
a l-parameter subgroup, represented by projective coordinates (fO, . . . , fN). Say f0 is not 
identically zero. Let zl, . . . , z, E C be linearly independent over Q, such that cp(z,) E A k for 
v = 1, . . . ) m. Let S,* be the set of linear combinations 
k,z, + ... + k,z,,, lgk 5~ 
alld let Z, be the subsets of S,, consisting of the zeros off& Let S,, be the complement of Z,, in 
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S,*. Let S = U S,. Letf= fi/fo for some i = 1, .,. , N. Then f satisjies condition A0 1 OII S, 
with p = 2. 
PROOF. We shall use the quadratic form of Neron-Tate [6], [7]. Let 12 be the (logarith- 
mic) height, defined on the group of rational points AK of A in K. Then h = q + I+ O(l), for 
some positive definite quadratic form q, and some linear form 1. If we write P, = q~(z,), and 
P = k,P, + ‘.* + k,,P, = p(k,z, + ... + k,,,Z,J, 
with 15 k,s II, then we see that 
(1) h(P) 4 n2 for ll+co. 
What we need is to bound the size of a single coordinate functionf(z) for z E S, in terms of 
the height. This is a trivial technical matter. Indeed, the height of a point P = (to, . . . , 4,v) 
in projective space over Kis defined by 
h(P) = C s"Pj 45j> 
" 
where the sum is taken over the set of normalized absolute values on K, and u(t]) = 
log [l[jll, (notation as in [S], Chapter III, except that we take the logarithm). From this 
definition, it is clear that if say to # 0, and c( = (Jr0 is the i-th affine coordinate ofour point, 
then 
(2) h(a)=h(t,,<J Ih( 
Let d(x) be the leading coefficient of the irreducible polynomial satisfied by c( over the 
integers Z, with relatively prime coefficients. Then it is well known that d(a) 4 h(a), for 
c( E K. (See for instance [5], Proposition 4 of Chapter III, 42. The implied constant depends 
on the degree of a over Q.) Furthermore d(cr) is a denominator for c(, that is d(cc)x is integral 
over Z. From this and the estimate for the height, we conclude that 
(3) size(a) < h(a) 
for z E K. Putting (I), (2), (3) together, we find that f satisfies condition A0 1 on S with 
p = 2, as was to be shown. 
As we said before, Lemma 1 completes the proof of Theorem 3. 
COROLLARY. Let A be an abelian variety dejined over a numberjeld K. Let I- be a 
jinitelygeneratedsubgroup of A, of rank 2 7. Ifr is contained in a I-parameter subgroup of A, 
then this I-parameter subgroup is an abelian subvariety of dimension 1 (an elliptic curve) in A. 
Remark 1. Theorems 1, 2, 3 extend to the p-adic case. In that case, they are purely, 
local theorems, on some disc around the origin. 
Remark 2. In the study of abelian varieties, certain theorems (like the Mordell- 
Weil theorem, and Siegel’s theorem concerning integral points on curves) were originally 
proved using theta functions. However, these theorems dealt only with the algebraic- 
arithmetic aspects of the situation, and when an algebraic theory of abelian varieties was 
developed (by Weil), it became clear that one could give expositions for the proofs entirely 
within the algebraic context. (N&on did it for the Mordell-Weil theorem in his thesis, and 
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1 did it for the Siegel theorem, cf. [5].) In other words, the theta functions were used only as a 
convenient ool to write down the group law on abelian varieties, and this tool became super- _ 
fluous when one saw how to formulate the group law purely algebraically. 
Besides purely algebraic theorems on abelian varieties, there are other types, for 
instance those concerned with the complex analytic structure (as in Weil’s book on Kshler 
manifolds). In the present context, we deal still with a third aspect of abelian varieties, 
namely the direct study of the properties of their transcendental parametrizations, with an 
arithmetic point of view, in which this parametrization occupies a central position. 
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